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THE PLURICLOSED FLOW ON NILMANIFOLDS AND TAMED
SYMPLECTIC FORMS
NICOLA ENRIETTI, ANNA FINO AND LUIGI VEZZONI
Abstract. We study evolution of (strong Ka¨hler with torsion) SKT structures
via the pluriclosed flow on complex nilmanifolds, i.e. on compact quotients of
simply connected nilpotent Lie groups by discrete subgroups endowed with an
invariant complex structure. Adapting to our case the techniques introduced
by Jorge Lauret for studying Ricci flow on homogeneous spaces we show that
for SKT Lie algebras the pluriclosed flow is equivalent to a bracket flow and we
prove a long time existence result in the nilpotent case. Finally, we introduce
a natural flow for evolving tamed symplectic forms on a complex manifold, by
considering evolution of symplectic forms via the flow induced by the Bismut
Ricci form.
1. introduction
Let M be a Hermitian manifold of complex dimension n. If M is non-Ka¨hler,
the Levi-Civita connection is not compatible with the induced U(n)-structure and
its role is often replaced by other connections having torsion but preserving the
Hermitian structure [9]. Although there is no a canonical choice of a Hermitian
connection, the Chern and the Bismut connections seem to have a central role.
The Chern connection is defined as the unique Hermitian connection ∇C for which
the (1, 1)-component of the torsion tensor vanishes, while the Bismut connection has
skew-symmetric torsion [2]. Streets and Tian pointed out in [19] that the operator
g 7→ −S(g) defined from the space of Hermitian metrics on a complex manifold
(M,J) by the formula
S(g)ij = g
krRC
ijrk
is strongly elliptic, where RC = [∇C ,∇C ] − ∇C[ , ] is the curvature of ∇C . Con-
sequently the standard theory of parabolic equations ensures that the Ricci-type
flow
(1.1)
{
d
dt
g = −S(g) + L(g)
g(0) = g0
has a unique maximal solution defined in an interval [0, T ), where L is an arbi-
trary first order differential operator. Moreover, if we choose L(g) to be a suitable
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operator Q(g) depending quadratically on the torsion of ∇C , the flow
(1.2)
{
d
dt
g = −S(g) +Q(g)
g(0) = g0
is the gradient flow of a functional F = F(g). The flow (1.2) is called the Hermitian
curvature flow and preserves both the Ka¨hler and the SKT condition (see [18]). We
recall that a Hermitian structure (J, g) is called SKT (strong Ka¨hler with torsion)
or pluriclosed if its fundamental form ω(·, ·) = g(·, J ·) is ∂∂-closed. In the SKT
case, (1.2) is equivalent to the so-called pluriclosed flow
(1.3)
{
d
dt
ω = −(ρB)1,1
ω(0) = ω0
acting on the space of J-compatible non-degenerate real 2-forms, where (ρB)1,1
denotes the (1, 1)-part of the Ricci form ρB of the Bismut connection (i.e. the
(1, 1)-part of the so-called Bismut Ricci form). In the terminology of [18] an SKT
structure ω is called static if it satisfies the Einstein-type equation
(1.4) r ω = (ρB)1,1
where r ∈ R. Static SKT structures seem to be very rare in complex non-Ka¨hler
manifolds, since if ω is static with r 6= 0, then Ω = 1
r
ρB is a symplectic form taming
J (i.e. a Hermitian-symplectic structure in the terminology of [18]). If a complex
surface admits a Hermitian-symplectic structure Ω, then by [16] the Hermitian
metric associated to Ω1,1 is strongly Gauduchon. Indeed, by [16, Lemma 3.2] a
complex manifold (M,J) of complex dimension n carries a strongly Gauduchon
metric g if and only if there exists a real d-closed C∞ (2n− 2)-form Ω on M such
that its component of type (n− 1, n− 1) is positive on M .
It is known that every compact complex surface admitting a Hermitian-
symplectic structure is actually Ka¨hler (see [18, 15]) and it is still an open problem
to find an example of a compact Hermitian-symplectic manifold not admitting
Ka¨hler structures. Some negative results on this context are proved in [6] for nil-
manifolds and in [5] for 4-dimensional Lie algebras. In particular, from the results
of [6] it turns out that a nilmanifold endowed with an invariant complex structure
does not admit Hermitian-symplectic structures unless it is a torus. This last re-
sult together with a theorem of [4] implies that complex nilmanifolds cannot admit
static SKT structures unless they are tori.
The present paper is divided in two parts. In the first one we investigate the
behaviour of solutions of (1.3) on Lie algebras. In particular we prove the following
Theorem 1.1. Let (M = G/Γ, J, ω0) be a nilmanifold endowed with an invariant
SKT structure. Then the solution ω(t) to the pluriclosed flow (1.3) is defined for
every t ∈ (−ǫ,∞), where ǫ is a suitable positive real number.
A key ingredient in the proof of this theorem is a trick introduced by Lauret
in [13] for studying the Ricci flow on homogeneus spaces evolving the Lie brackets
instead of the Riemannian metrics.
In the second part of the paper we introduce a natural flow for evolving taming
symplectic forms on a complex manifold (M,J). Given a symplectic form Ω0 taming
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J , we consider the flow
(1.5)
{
d
dt
Ω = −ρB(ω),
Ω(0) = Ω0
where ρB(ω) is the Bismut Ricci form of the Hermitian metric associated to ω =
Ω1,1. For such a flow we prove a short time existence result and a stability theorem
involving Ka¨hler-Einstein metrics.
Acknowledgements. The authors would like to thank Jorge Lauret for useful con-
versations and the referee for helpful comments on the paper.
2. Preliminaries on SKT metrics
Let (M, g, J) be a Hermitian manifold with fundamental form ω. The form ω
and the Riemannian metric g are related
ω(·, ·) = g(·, J ·) .
We denote by ∇B the Bismut connection of (g, J). This connection was introduced
by Bismut in [2] and it is the unique Hermitian connection (i.e. ∇BJ = 0, ∇Bg = 0)
such that
(2.1) c(X,Y, Z) := g(X,TB(Y, Z))
is a 3-form, where
TB(X,Y ) = ∇BXY −∇BYX − [X,Y ]
denotes the torsion of ∇B. This connection induces the curvature tensor
RB(X,Y ) := [∇BX ,∇BY ]−∇B[X,Y ],
the Ricci tensor and the Ricci form given respectively by
ricB(X,Y ) = gkrRB(ek, X, Y, er) , ρ
B(X,Y ) =
1
2
gkrg(RB(X,Y )ek, Jer) ,
with {ek} an arbitrary local frame. In complex notation we can alternatively write
ricB(X,Y ) = −igrkRB(Zk, X, Y, Zr) , ρB(X,Y ) = −igrkg(RB(X,Y )Zk, Zr) ,
where {Zk = 12 (ek − iJek)} is a local (1, 0)-frame and Zk = 12 (ek + iJek).
For a Hermitian manifold (M,J) the Ricci tensor of ∇B and the usual Ricci
tensor are related by the following formula
(2.2) ricB(X,Y ) = ricg(X,Y )− 1
2
(d∗c)(X,Y )− 1
4
2n∑
i=1
g(TB(X, ei), T
B(Y, ei)) ,
(see [12]), where d∗ is the co-differential operator of g, while ρB is related to the
Ricci form ρC of the Chern connection by
(2.3) ρB = ρC − dd∗ω .
We recall the following
Definition 2.1. A Hermitian metric g on a complex manifold (M,J) is called
SKT (strong Ka¨hler with torsion) or pluriclosed if the torsion 3-form c is closed or,
equivalently, if its associated fundamental form ω satisfies ∂∂ω = 0.
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For a complex surface, an SKT metric is called standard in the terminology of
Gauduchon [10]. In the conformal class of any given Hermitian metric on a compact
complex manifold there always exists a standard metric. But this property is not
anymore true in higher dimensions for SKT metrics.
For real Lie algebras admitting left-invariant SKT metrics there are some clas-
sification results in dimensions four, six and eight. More precisely, 6-dimensional
(resp. 8-dimensional) SKT nilpotent Lie algebras have been classified in [7] (resp.
in [6] and for a particular class in [17]) and a classification of 4-dimensional SKT
solvable Lie algebras has been obtained in [14].
General results are known for nilmanifolds, i.e. for compact quotients of simply
connected nilpotent Lie groups G by discrete subgroups Γ. Indeed, in [11] it has
been shown that if (M = G/Γ, J) is a nilmanifold (not a torus) endowed with an
invariant complex structure J and an SKT metric g compatible with J , then the
nilpotent Lie group G must be 2-step nilpotent andM is a total space of a principal
holomorphic torus bundle over a torus.
3. Pluriclosed Flow on Lie algebras
Let G be a Lie group with a left-invariant SKT structure (g0, J) and let Γ be
a co-compact lattice in G. We are interested in studying solutions to (1.3) on the
compact manifold M = G/Γ endowed with the invariant SKT structure induced
by (g0, J). Since the pluriclosed flow (1.3) is invariant by biholomorphisms of the
complex manifold (M,J), when ω0 is invariant, the solution ω(t) to (1.3) is invariant
for every t. Therefore the PDE system (1.3) on M = G/Γ is equivalent to an ODE
system on the Lie algebra g of G. In general neither expect that the flow converges
nor that its limit is non-degenerate.
Let (g, µ) be a Lie algebra endowed with an SKT structure (g, J), where µ
denotes the Lie bracket on g. By an SKT structure on a Lie algebra we means a
pair (g, J), where J is a complex structure, satisfying the integrability condition
µ(JX, JY ) = Jµ(JX, Y ) + Jµ(X, JY ) + µ(X,Y ),
for every X,Y ∈ g and g is an inner product compatible with J and such that
dc = 0, where c is defined by (2.1). In order to write down a formula for the
Bismut Ricci form ρB in this algebraic context, we fix an arbitrary (1, 0) frame
{Zr} of (g, J) with dual frame {ζk}. Following the approach of [20] we can write
ρB = dη ,
where η is the real 1-form
(3.1) η(X) = ℑm
{
gkrg(µ(X − iJX,Zr), Zk)
}
+ igkrg(µ(Zr, Zk), X).
In complex notation we have
η = ηa ζ
a + ηb ζ
b,
where
(3.2) ηa = −igkrg(µ(Za, Zr), Zk) + igkrg(µ(Zr, Zk), Za) , ηb = ηb .
Formula (3.2) can be rewritten in terms of the Lie bracket components µkij as
ηa = −iµrar + igkrµlrkgal , ηb = ηb .
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Therefore, in complex notation we obtain
ρB = −i ρB
ij
ζi ∧ ζj − i
2
ρBhk ζ
h ∧ ζk − i
2
ρB
lm
ζl ∧ ζm , ρB
ij
= gskRB
ijsk
,
where
ρB
ij
= − iη(µ(Zi, Zj)) = −iµaijηa − iµbijηb
= − µa
ij
µrar + µ
a
ij
gkrµl
rk
gal + µ
b
ij
µr
br
+ µb
ij
gkrµlkrglb ,
i.e.,
(3.3) ρB
ij
= −µa
ij
µrar + µ
a
ij
gkrµl
rk
gal + µ
b
ij
µr
br
+ µb
ij
gkrµlkrglb .
In the same way
(3.4) ρBij = −µaijµrar + µaijgkrµlrkgal + µbijµrbr + µbijgkrµlkrglb
and (1.2) writes as
(3.5)
{
d
dt
gij = −µaijµrar + µaijgkrµlrkgal + µbijµrbr + µbijgkrµlkrglb
gij(0) = (g0)ij .
Note that when {Zr} is a unitary frame we have
ρB
ij
= −µa
ij
µrar + µ
a
ij
µarr + µ
b
ij
µr
br
+ µl
ij
µlrr(3.6)
ρBij = −µaijµrar + µlijµlkk + µbijµrbr + µlijµlkk ,(3.7)
where the repeated indexes are summed.
If the Lie algebra g is 2-step nilpotent, i.e. if
µ(µ(X,Y ), Z) = 0
for every X,Y, Z ∈ g, then the formulas (3.3) and (3.4) reduce to
ρB
ij
= µa
ij
grkµl
rk
gal + µ
b
ij
gkrµlkrglb .(3.8)
ρBij = µ
a
ijg
rkµl
rk
gal + µ
b
ijg
krµlkrglb .(3.9)
giving the suitable expression
(3.10) ρB(X,Y ) = −igkr g (µ(X,Y ), µ(Zr, Zk)) ,
for every X,Y ∈ g.
Remark 3.1. We observe that the previous computations hold also in the non-SKT
case.
Next we show two examples of SKT Lie algebras in dimension 4 for which the
solution ω(t) of the pluriclosed flow (1.3) is defined for every t ∈ (−ǫ,∞), where ǫ
is a suitable positive real number. The first example is nilpotent and we will show
in the next section that this happens for every SKT nilpotent Lie algebra. The
second one is solvable and admits a generalized Ka¨hler structure [1, 8].
Example 3.2. In dimension 4 the unique nilpotent SKT Lie algebra up to isomor-
phisms is h3 ⊕ R, where h3 is the Lie algebra of the 3-dimensional real Heisenberg
Lie group H3(R) given by
H3(R) =



 1 x z0 1 y
0 0 1

 , x, y, z ∈ R

 .
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The compact quotient of the corresponding simply-connected H3(R) × R by the
lattice Γ × Z, where Γ is the lattice in H3(R) whose elements are matrices with
integer entries, is the so-called Kodaira-Thurston surface. The Lie algebra g =
h3 ⊕ R has structure equations (0, 0, 0, 12), where by this notation we mean that
there exists a basis of 1-forms {ei} such that
dei = 0, i = 1, 2, 3, de4 = e1 ∧ e2.
Let J be the complex structure on g given by
Je1 = −e2, Je3 = −e4 .
Then
Z1 =
1
2
(e1 + ie2) , Z2 =
1
2
(e3 + ie4)
is a complex basis of type (1, 0) of (g, J). Let {ζ1, ζ2} be its dual frame. Every
Hermitian inner product g on (g, J) can be written as
g = xζ1ζ1 + yζ2ζ2 + zζ1ζ2 + zζ2ζ1 .
where x, y ∈ R, z ∈ C satisfy xy − |z|2 > 0 and it is SKT. Since
µ(Z1, Z1) = −
1
2
(Z2 − Z2)
is the only non-vanishing bracket we have
ρB = −iρB
11
ζ11
where
ρB
11
= −iη([Z1, Z1]) = i
1
2
(η2 − η2) = −ℑm η2 .
A direct computation yields
η2 = i
y2
2 (xy − |z|2)
and
ρB
11
= − y
2
2 (xy − |z|2) .
Therefore in this case system (3.5) reduces to
(3.11)


x˙ = y
2
2(xy−|z|2)
y ≡ y0 , z ≡ z0
x(0) = x0 ,
and the solution to (4.1) with
ω0 = −ix0ζ11 − iy0ζ22 − iz0ζ12 − iz0ζ21
is
ω(t) = −ix(t)ζ11 − iy0ζ22 − iz0ζ12 − iz0ζ21
where
x(t) =
1
y0
(√
y20t+ (x0y0 − |z0|2)2 + |z0|2
)
.
For instance if we start from the standard SKT structure
ω0 = −iζ11 − iζ22
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we get
ω(t) = −i√1 + t ζ11 − iζ22 .
Example 3.3. Consider the solvable Lie algebra with structure equations

de1 = ae14 + be24,
de2 = −be14 + ae24,
de3 = −2ae34
de4 = 0,
a, b ∈ R− {0},
endowed with the complex structure given by
Je1 = e2, Je3 = e4.
A compact quotient of the corresponding simply-connected Lie group by a lattice
is a Inoue surface of type S0 (see [11]). Let {Z1, Z2} be the (1, 0)-frame
Z1 =
1
2
(e1 − ie2), Z2 = 1
2
(e3 − ie4) ;
then a direct computation yields
µ(Z1, Z1) = 0, µ(Z1, Z2) = λZ1, µ(Z1, Z2) = λZ1,
µ(Z1, Z2) = −λZ1, µ(Z1, Z2) = −λZ1, µ(Z2, Z2) = ai(Z2 + Z2)
where
λ =
b+ ia
2
.
Consider the (1, 0)-coframe
ζ1 = e1 + ie2 , ζ2 = e3 + ie4
dual to {Z1, Z2}. Then
dζ1 = −λ (ζ12 − ζ12), dζ2 = −ai ζ22.
Let g be an arbitrary J-Hermitian metric on g. We can write
g = x ζ1ζ1 + yζ2ζ2 + zζ1ζ2 + zζ2ζ1
where x, y ∈ R+, z ∈ C satisfy
xy − |z|2 > 0 .
The fundamental form of g is
ω = −ix ζ11 − iyζ22 − izζ12 − izζ21 .
Let ρB = dη be the Bismut form of g. A direct computation yields
η1 = − xz
xy − |z|2
(
iλ+ a
)
= −3a+ ib
2
xz
xy − |z|2
and
η2 = iλ− iλ|z|
2 + axy
xy − |z|2 −
i|z|2(λ+ λ) + xy(a− iλ)
xy − |z|2 .
In matrix notation we have
(gij) =
(
x z
z y
)
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and
(gji) =
1
xy − |z|2
(
y −z
−z x
)
.
A direct computation yields
ρB
11
= 0,(3.12)
ρB
12
= λθ1 =
1
4
(3a2 + b2 − 2iab) xz
xy − |z|2 ,(3.13)
ρB
22
= − 3a
2xy
xy − |z|2(3.14)
and the ODEs induced by (3.5) are
(3.15)


x = const ,
z˙ = − 14 (3a2 + b2 − 2iab) xzxy−|z|2 ,
y˙ = 3a
2xy
xy−|z|2 .
In particular if we consider as initial SKT structure
ω0 = −iζ11 − iζ22 ,
then the system (3.15) has solutions

x ≡ 1
z ≡ 0
y(t) = 3a2t
defined for every t and
ω(t) = −iζ11 − i3a2tζ22 .
4. The pluriclosed flow as bracket flow
We regard the pluriclosed flow (1.3) on Lie algebras as a bracket flow on R2n
working as in [13]. The idea consists on studying evolution of brackets instead of
the Hermitian metrics. We briefly describe the clever trick of [13] adapted to our
setting:
Let (g, µ0, J, g0, ω0) be a almost Hermitian Lie algebra. Then (g, µ0, J, ω0) can
be thought as R2n equipped with the standard Hermitian structure (J0, ω0, 〈·, ·〉)
and a bracket µ0. Consider in this setting the system
(4.1)
{
d
dt
ω = −(ρB)1,1(ω)
ω(0) = ω0
where ρB(ω) is computed with respect to ω and µ0 using formulae (3.6), i.e.,
(4.2) ρB(ω)(X,Y ) = i
n∑
r=1
(
g(µ0(µ0(X,Y ), Zr), Zr)− g(µ0(Zr, Zr), µ0(X,Y ))
)
,
g is the inner product induced by (ω, J0) and {Zr} is a unitary frame.
Let
V := Λ2(R2n)∗ ⊗ R2n
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be the space of skew-symmetric 2-forms on R2n taking values in R2n and let
(4.3) A := {µ ∈ V : µ satisfies the Jacoby identity and Nµ = 0}
where Nµ is the Nijenhuis tensor
Nµ(X,Y ) := µ(J0X, J0Y )− J0µ(J0X,Y )− J0µ(X, J0Y )− µ(X,Y ) .
A can be regarded as the space of all 2n-dimensional Lie algebras equipped with a
complex structure. Given a form ω ∈ Λ2(R2n)∗ compatible with J0, there exists a
(non-unique) map h ∈ GL(n,C) such that
(4.4) ω(·, ·) = ω0(h·, h·) .
For every h ∈ GL(n,C) satisfying (4.4), we can define a new bracket µ ∈ A using
the natural relation
µ := h · µ0 ,
where
h · µ0(X,Y ) = hµ0
(
h−1X,h−1Y
)
.
Since h belongs to GL(n,C), h · µ ∈ A. Moreover, every µ ∈ A induces a 2-form
ρBµ ∈ Λ2(R2n)∗ defined according to (3.2) as
ρBµ (X,Y ) = i
n∑
r=1
(
〈µ(µ(X,Y ), Zr), Zr〉 − 〈µ(Zr, Zr), µ(X,Y )〉
)
,
where {Zr} be the standard unitary basis on (R2n, J0) . We denote by Pµ the
endomorphism corresponding to (ρBµ )
1,1 and µ via ω0, i.e.
(4.5) ω0(Pµ(X), Y ) = (ρ
B
µ )
1,1(X,Y ) .
By definition Pµ is ω0-symmetric and it commutes with J0.
In the same way we denote by P (ω) the endomorphism corresponding (ρB)1,1(ω)
via µ0, i.e.
ω(P (ω)X,Y ) = (ρB)1,1(ω) .
Note that
Pµ0 = P (ω0) ,
since
ρB(ω0) = ρ
B
µ0
.
The following lemma describes as the two endomorphisms Pµ and P (ω) are related
and it can be deduced from the equivalence between the Hermitian Lie algebras
(µ0, ω, J0) and (µ, ω0, J0).
Lemma 4.1. The following formula holds
(4.6) Pµ = hP (ω)h
−1 .
We further consider the bracket flow
(4.7)
{
d
dt
µ = 12 δµ(Pµ)
µ(0) = µ0
where δµ : gln(C)→ V2n is defined by
δµ(α) = µ(α·, ·) + µ(·, α·) − αµ(·, ·) .
Theorem 4.2. Let ω(t) be a solution to (4.1) and let µ(t) be a solution to (4.7).
Then there exists a curve h = h(t) ∈ GL(n,C) such that:
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1. ω = h∗ω0;
2. µ = h · µ0;
3. d
dt
h = − 12hP (ω) = − 12Pµh.
Proof. Let ω = ω(t) be a solution to (4.1) and let h(t) be the solution to the linear
ODE {
d
dt
h = − 12hP (ω)
h0 = I .
If ω˜ = h∗ω0, then
d
dt
ω˜(·, ·) = ω0(h′·, h·) + ω0(h·, h′·) = −1
2
ω0(hP (ω)·, h·)− 1
2
ω0(h·, hP (ω)·)
= −1
2
ω˜(P (ω)·, ·)− 1
2
ω˜(·, P (ω)·)
Since
d
dt
ω(·, ·) = −1
2
ω(P (ω)·, ·)− 1
2
ω(·, P (ω)·)
ω and ω˜ solve the same ODE{
d
dt
β(·, ·) = − 12β(P (ω)·, ·) − 12β(·, P (ω)·)
β(0) = ω0
and therefore ω = h∗ω0. Let λ = h · µ0. Using Lemma 4.1 and h′ = − 12Pλh we
obtain
λ′(·, ·) = h′µ0(h−1·, h−1·)− hµ0(h−1h′h−1·, h−1·)− hµ0(h−1·, h−1h′h−1·)
=
(
h′h−1
)
hµ0(h
−1·, h−1·)− hµ0(h−1(h′h−1)·, h−1·)− hµ0(h−1·, h−1(h′h−1)·)
= −δλ(h′h−1) = 1
2
δλ(Pλ) .
Therefore λ and µ solve the same ODE and consequently they coincide, as required.

Remark 4.3. Note that the Bismut scalar form b(ω) = g(ρB(ω), ω) reads in terms
of bracket as
bµ := 〈ρBµ , ω〉 =
∑
r,k
〈µ(Zr, Zr), µ(Zk, Zk)〉 ,
i.e.,
bµ = −
∥∥∥∥∥
∑
r
µ(Zr, Zr)
∥∥∥∥∥
2
.
{Zr} being an arbitrary unitary frame.
Lemma 4.4. The bracket flow (4.7) preserves the center of µ0.
Proof. Consider on (R2n, J0, ω0) an arbitrary µ0 ∈ A. Let ξ0 be the center of µ0
and ξ⊥0 its orthogonal complement with respect to 〈 , 〉. Every J0-compatible non-
degenerate form ω can be decomposed as ω = α′ + α with respect the splitting
g = ξ ⊕ ξ⊥, where α is the restriction of ω to ξ⊥ × ξ⊥. We can write in particular
ω0 = α0 + α
′
0. Formula (4.2) implies that ρ
B(Xξ, ·) vanishes for every Xξ ∈ ξ.
Therefore the solution ω(t) to (4.1) can be written as ω(t) = α′0 + α(t) and every
h = h(t) satisfying conditions 1,2,3 of Theorem 4.2 preserves α′0, i.e. h(t)
∗(α′0) = α
′
0
for every t. There follows h(t)(ξ0) = ξ0 for any t. The solution µ(t) to the bracket
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flow (4.7) is defined in terms of h and µ0 as µ(t) = h(t) · µ0 and for every t the
kernel of µ(t) is ξt = h(t)ξ0. Hence ξt ≡ ξ0, as required. 
We describe now how the SKT condition reads in terms of brackets:
Let µ be a bracket in A. Then µ induces the differential operator
dµ : Λ
r(R2n)∗ → Λr+1(R2n)∗
defined in terms of µ as
dµγ(X0, X1, . . . , Xr) =
∑
0≤i≤j≤r
(−1)i+jγ(µ(Xi, Xj), X0, . . . , Xˆi, . . . , Xˆj , . . . , Xr) .
Furthermore, the complex extension of dµ splits with respect to J0 as dµ = ∂µ+∂µ.
We denote by ∂, ∂ the usual differential complex operator on (R2n, J0). Every
SKT Lie algebra can be seen as a Hermitian Lie algebra (R2n, J0, 〈 , 〉, µ) whose
fundamental form ω0 satisfies
∂µ∂µω0 = 0 .
This motivates the following
Definition 4.5. A bracket µ ∈ A is SKT if
(4.8) ∂µ∂µω0 = 0 .
The identity (4.8) is an algebraic equation in µ and, therefore, the set of SKT
brackets gives an algebraic subset of A.
5. Long time existence for nilmanifolds
In this subsection we focus on SKT structures on nilpotent Lie algebras proving
Theorem 1.1.
The following two results will be important in the sequel
Theorem 5.1. ([6]) Let (g, µ, J, ω) be an SKT nilpotent Lie algebra. Then g is
2-step and J preserves the center ξ of g.
Theorem 5.2. ([20]) For a 2-step nilpotent almost Hermitian Lie algebra, the
Chern form ρC is always vanishing.
Therefore in the SKT nilpotent case we have to handle 2-step nilpotent Lie
algebras. Using the general formula (2.3)
ρB = ρC − dd∗ω
we have that the pluriclosed flow reduces in this case to
(5.1)
{
d
dt
ω = (dd∗ω)1,1 ,
ω(0) = ω0 .
Let us consider then an SKT (2-step) nilpotent Lie algebra (g, µ, J, ω) with in-
duced metric g. We denote by ♯ : g→ g∗ the duality induced by the inner product
g. Given a vector subspace W of g we set W ♯ := ♯(W ) and we denote by W⊥ the
orthogonal complement of W with respect to g. Finally we denote by θ = −Jd∗ω
the Lee form of (J, ω). We have the following
Proposition 5.3. The Lee form θ of a nilpotent SKT Lie algebra (g, µ, J, g) belongs
to (Jg1)♯ ⊆ ξ♯.
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Proof. By definition of θ we have
g(Jθ, α) = g(ω, dα),
for every α ∈ g∗. Note that if α ∈ ((g1)⊥)♯, then dα = 0. Therefore, Jθ ∈ (g1)♯,
i.e. θ ∈ (Jg1)♯. On the other hand, since g is 2-step nilpotent and the center ξ is
J-invariant, it follows that Jg1 ⊆ ξ, i.e. that θ ∈ ξ♯. 
Lemma 5.4. For a nilpotent SKT Lie algebra (g, µ, J, g) the (1, 1)-part (ricB)1,1
of the Ricci tensor of the Bismut connection is symmetric and it is related to ρB by
(ρB)1,1(X,Y ) = (ricB)1,1(X, JY ),
for every X,Y ∈ g.
Proof. We can write
g = ξ ⊕ ξ⊥,
where ξ is the center of g. The 2-step condition implies
[ξ⊥, ξ⊥] ⊆ ξ .
Every X ∈ g can be written accordingly as
X = Xξ +X⊥,
where Xξ ∈ ξ and X⊥ ∈ ξ⊥. By [4, Lemma 2.1] we have that
∇BXξY ξ = 0, ∇BXξY ⊥ ∈ ξ⊥, ∇BX⊥Y ξ ∈ ξ⊥
and
∇BX⊥Y ⊥ =
1
2
([X⊥, Y ⊥]− [JX⊥, JY ⊥]) ∈ ξ.
Therefore
θ(∇BXY ) =
1
2
θ([X⊥, Y ⊥]− [JX⊥, JY ⊥]).
Using the integrability of J we get
θ(∇BXY ) =
1
2
θ(−J [JX⊥, Y ⊥]− J [X⊥, JY ⊥])
=
1
2
(Jθ)([JX⊥, Y ⊥] + [X⊥, JY ⊥])
=− 1
2
d(Jθ)(JX⊥, Y ⊥)− 1
2
d(Jθ)(X⊥, JY ⊥).
Taking into account that ρB = ρC + d(Jθ) and that ρC in our cases vanishes, we
have
θ(∇BXY ) = −
1
2
ρB(JX⊥, Y ⊥)− 1
2
ρB(X⊥, JY ⊥) .
Therefore
(∇BXθ)(JY ) = −θ(∇BXJY ) =
1
2
ρB(JX⊥, JY ⊥)−1
2
ρB(X⊥, Y ⊥) = −(ρB)2,0+0,2(X⊥, Y ⊥).
Using
ρB(X,Y ) = ricB(X, JY ) + (∇BXθ)(JY ) = ricB(X, JY )− (ρB)2,0+0,2(X⊥, Y ⊥),
we get
(ρB)1,1(X,Y ) =
1
2
[ricB(X, JY )− ricB(JX, Y )] = (ricB)1,1(X, JY ) ,
as required. 
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Theorem 5.5. For a nilpotent SKT Lie algebra (g, µ, J, g) we have
(ricB)1,1(X,Y ) = 2(ricg)1,1(X⊥, Y ⊥) ,
for every X,Y ∈ g.
Proof. Using formula (3.10) and Lemma 5.4 we have that
(ricB)1,1(X,Y ) = (ricB)1,1(X⊥, Y ⊥) .
In view of formula (2.2) Lemma 5.4 implies
(ricB)1,1(X,Y ) = (ricg)1,1(X,Y )−1
8
2n∑
i=1
[g(TB(X, ei), T
B(Y, ei)+g(T
B(JX, ei), T
B(JY, ei)] .
Hence the claim consists on showing that
1
8
2n∑
i=1
[g(TB(X⊥, ei), T
B(Y ⊥, ei)+g(T
B(JX⊥, ei), T
B(JY ⊥, ei)] = −2(ricg)1,1(X⊥, Y ⊥) .
Let S : ξ⊥ → ξ⊥ be the symmetric operator defined by the relation
g(S(X⊥), Y ⊥) = ricg(X⊥, Y ⊥) .
By [3] we have that S can be written as S = 12
∑2p
i=1 ι(zi)
2, where {z1, . . . , z2p} is
an orthonormal basis of ξ and the skew-symmetric map ι(Z) : ξ⊥ → ξ⊥ is defined
by
g(ι(Z)X,Y ) = g([X,Y ], Z), X, Y ∈ ξ⊥,
for Z ∈ ξ. Equivalently ι(Z)(X) = −(adX)∗(Z), for every X ∈ ξ⊥, where (adX)∗ is
the adjoint of adX with respect to the inner product g. In particular S is negative
definite on ξ⊥ and
ricg(X⊥, Y ⊥) =
1
2
2p∑
i=1
g(ι(zi)
2(X⊥), Y ⊥) = −1
2
2p∑
i=1
g(ι(zi)X
⊥, ι(zi)Y
⊥),
where (z1, . . . , z2p) is an orthonormal basis of ξ. By a direct computation we have
that, for every zi ∈ ξ,
g(TB(X⊥, zi), T
B(Y ⊥, zi)) = g(ι(zi)(JY
⊥), ι(zi)(JX
⊥)) = −2ricg(JX⊥, JY ⊥).
On the other hand, if vi ∈ ξ⊥, then
g(TB(X⊥, vi), T
B(Y ⊥, vi)) = g([Jvi, JX
⊥], [Jvi, JY
⊥]).
By Section 2 in [3] for a metric 2-step nilpotent Lie algebra one has
g(Rg(X⊥, Y ⊥)X⊥,W ) =
3
4
g(ι([X⊥, Y ⊥])X⊥,W ) =
3
4
g([X⊥, Y ⊥], [X⊥,W ])
for every W ∈ g and X⊥, Y ⊥,∈ ξ⊥. As a consequence, for every vi ∈ ξ⊥ we have
g(TB(X⊥, vi), T
B(Y ⊥, vi)) =
4
3
g(Rg(Jvi, JX
⊥)Jvi, JY
⊥).
Moreover, by [3, pag. 622]
2n−p∑
i=1
g(Rg(vi, X
⊥)Y ⊥, vi) =
3
4
2p∑
k=1
g(ι(zk)
2X⊥, Y ⊥).
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Therefore
2n−p∑
i=1
g(TB(X⊥, vi), T
B(Y ⊥, vi)) = −
2p∑
k=1
g(ι(Jzk)
2JX⊥, JY ⊥) = −2ricg(JX⊥, JY ⊥).
In this way
(ricB)1,1(X⊥, Y ⊥) = 2(ricg)1,1(X⊥, Y ⊥).

Remark 5.6. By [3] for a metric 2-step Lie algebra (g, µ, g) one has
1. ricg(X,Z) = 0 for all X ∈ ξ and Z ∈ ξ⊥.
2. ricg(Z,Z∗) = − 14 tr ι(Z)ι(Z∗) for Z,Z∗ ∈ ξ. In particular ricg(Z,Z) ≥ 0
for all Z ∈ ξ with equality if and only if ι(Z) = 0.
Moreover, giving a Hermitian structure (g, J) on g, for X ∈ ξ and Y ∈ ξ⊥ we have
g(TB(X, ei), T
B(Y, ei)) = g(∇BXei −∇BeiX,∇BY ei −∇BeiY − [Y, ei]) .
If ei ∈ ξ then
g(TB(X, ei), T
B(Y, ei)) = 0.
If ei ∈ ξ⊥ we have that ∇BXei−∇BeiX ∈ ξ⊥ and ∇BY ei−∇BeiY − [Y, ei] ∈ ξ. So again
g(TB(X, ei), T
B(Y, ei)) = 0 and summing up
1
4
2n∑
i=1
g(TB(X, ei), T
B(Y, ei)) = 0
for every X ∈ ξ and Y ⊥ ∈ ξ⊥. There follows that
(ricB)1,1(X,Y ⊥) = 2(ricg)1,1(X⊥, Y )
for all X ∈ g and Y ∈ ξ⊥, while
(ricB)1,1ξ×ξ 6= 2(ricg)1,1ξ×ξ .
Let us consider now the space N of all 2n-dimensional nilpotent Lie algebras
equipped with a complex structure. Such a space can be seen as a subspace of
the space A defined in (4.3). Let µ0 be an SKT bracket in N and let µ(t) be the
solution to (4.7) satisfying µ(0) = µ0. Then µ(t) is SKT for every t and we have
d
dt
〈µ, µ〉 = 2
〈
d
dt
µ, µ
〉
= 〈δµ(Pµ), µ〉 = −4 〈Pµ, Ricµ〉
where
Ricµ = −1
2
2n∑
i=1
(adµEi)
tadµEi +
1
4
2n∑
i=1
adµEi(adµEi)
t
is the usual Ricci operator induced by µ (see [13, Lemma 4.2]) (here {Ek} is the
canonical basis of R2n). Using that Pµ is of type (1, 1) (i.e. that it commutes with
J0) and that Pµ vanishes along the center of µ
ξµ =
{
X ∈ R2n s.t. µ(X,Y ) = 0 for all Y ∈ R2n}
we have
d
dt
〈µ, µ〉 = −4
∑
k
〈
Pµ(ek), (Ricµ)
1,1(ek)
〉
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where {ek} is an arbitrary orthonormal basis to ξ⊥µ . On the other hand Lemma 5.4
and Theorem 5.5 imply∑
k
〈
Pµ(ek), (Ricµ)
1,1(ek)
〉
= 2 〈Pµ, Pµ〉
and so
(5.2)
d
dt
〈µ, µ〉 = −8〈Pµ, Pµ〉 ≤ 0 ,
which readily implies that in the nilpotent case the unique solution to the system
(4.7) is defined for every positive t. This fact, together with Theorem 4.2, implies
the statement of Theorem 1.1.
Moreover, we have the following
Proposition 5.7. In the nilpotent SKT case the maximal solution to (4.7) con-
verges to the abelian bracket.
Proof. Let µ(t) be the maximal solution to (4.7). We prove that ‖µ(t)‖2 tends to
zero when t tends to infinity. In view of (5.2) we have
d
dt
〈µ, µ〉 = −8〈Pµ, Pµ〉 = −2
∑
k
〈Ric1,1µ (ek), Ric1,1µ (ek)〉 ≤ −2
(∑
k
〈Ric1,1µ (ek), ek〉
)2
where {ek} is an arbitrary orthonormal basis of ξ⊥µ . Since ξ⊥µ is J0-invariant, then∑
k
〈Ric1,1µ (ek), ek〉 =
∑
k
〈Ricµ(ek), ek〉
i.e.,
d
dt
〈µ, µ〉 ≤ −2
(∑
k
〈Ricµ(ek), ek〉
)2
From the definition of Ricµ and taking into account that the ek’s belong to the
orthogonal complement ξ⊥µ to the center of µ, we have
d
dt
〈µ, µ〉 ≤ −2
(∑
k
〈Ricµ(ek), ek〉
)2
= −1
2

∑
i,k
〈µ(ei, ek), µ(ei, ek)〉


2
= −1
2
‖µ‖4
and the claim follows. 
Example 5.8. Here we study the basic Example 3.11 in terms of bracket flow.
The starting bracket is
µ0 = −1
2
ζ1 ∧ ζ1 ⊗ Z2 + 1
2
ζ1 ∧ ζ1 ⊗ Z2
which corresponds to the bracket of the Lie algebra h3 ⊕R. Since the bracket flow
preserves the center, we look for a solution µ to (4.7) taking value only at (Z1, Z1),
i.e.
µ = µ2
11
ζ1 ∧ ζ1 ⊗ Z2 + µ211 ζ1 ∧ ζ1 ⊗ Z2 .
For such a bracket we have
ρBµ = −2i |µ211|2 ζ1 ∧ ζ1
and
Pµ = −2 |µ211|2 ζ1 ⊗ Z1 + 2 |µ211|2 ζ1 ⊗ Z1 .
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Therefore
δµ(Pµ)(Z1, Z1) = 2µ(Pµ(Z1), Z1) = −4|µ211|2µ(Z1, Z1)
and the corresponding bracket flow equation is
(5.3)
{
z˙ = −2|z|2 z,
z(0) = − 12
where z = µ2
11
. Since (5.3) has as solution the real function
z(t) = − 1
2(t+ 1)
1
2
the solution µ(t) of the bracket flow is defined for every positive t and converges in
A to the null bracket corresponding to the abelian Lie algebra.
6. Evolution of Tamed Symplectic forms on a complex manifold
Let (M,J) be a complex manifold. We recall that a symplectic form Ω on M
tames J if
(6.1) Ω(JX,X) > 0
for every non-zero tangent vector field X on M . Such a condition is weaker than
the compatibility of Ω with J since in this case the positive tensor induced by
(6.1) is not symmetric. A structure (J,Ω) composed by a complex structure and a
taming symplectic form was called in [18] a Hermitian-symplectic structure. Such
a structure arises considering static solutions of the pluriclosed flow (1.3). Indeed
if an SKT form ω satisfies the Hermitian-Einstein equation r ω = (ρB)1,1(ω) with
r ∈ R and r 6= 0, then Ω = 1
r
ρB is a symplectic form taming J .
In [6] it was observed that Hermitian-symplectic structures are actually special
SKT structures. This is because given a symplectic form Ω taming J and consid-
ering the decomposition of Ω in complex-type forms
Ω = ω + β + β ∈ Λ1,1 ⊕ Λ2,0 ⊕ Λ0,2
one has that dΩ vanishes if and only if β solves
(6.2)
{
∂Ω11 = −∂β
∂β = 0 .
In the sequel of the paper we are going to take into account the following evolution
equation
(6.3)
{
d
dt
Ω = −ρB(ω)
Ω(0) = Ω0,
which we will call the Hermitian-symplectic (or simply HS) flow.
Proposition 6.1. Let Ω0 be a tamed symplectic form on a compact complex man-
ifold (M,J). Then short-time existence of a solution Ω(t) of (6.3) is guaranteed.
Moreover, Ω(t) is a symplectic form taming J for every t.
Proof. We can write Ω0 = ω0 + β0 + β0 and the Hermitian-symplectic flow decom-
poses in its (1, 1)-part
(6.4)
{
d
dt
ω = −(ρB)1,1(Ω1,1)
ω(0) = ω0
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and the (2, 0)-part
(6.5)
{
d
dt
β = −(ρB)2,0(ω)
β(0) = β0.
Since (6.4) is the “usual” pluriclosed flow, it admits a solution ω(t) defined in an
interval [0, ε), for ε small enough. On the other hand, since (ρB)2,0(ω) does not
depend on β,
β(t) = β0 +
∫ t
0
(ρB)2,0(ω)(s) ds
is a solution to (6.5) and Ω(t) := ω(t) + β(t) provides the unique solution to (6.3).
We finally observe that the taming condition is preserved by the flow. Indeed,
ω(t) is positive since it is a solution to the pluriclosed flow and Ω(t) is closed since
d
dt
(dΩ(t)) = d
(
d
dt
Ω(t)
)
= −dρB = 0,
and then dΩ(t) is constant. 
The previous result says that the pluriclosed flow preserves the Hermitian-
symplectic condition. Indeed, a Hermitian-symplectic structure can be defined
as an SKT structure (ω0, J) together a solution β to (6.2). As a consequence of
Proposition 6.1 we have that if an SKT form ω0 admits a solution β0 to (6.2), then
the solution ω(t) to the pluriclosed flow with initial condition ω0 has a solution β(t)
for every t.
We recall the following stability theorem for the Hermitian curvature flow (1.2)
obtained by Streets and Tian
Theorem 6.2. ([19]) Let (M, g˜, J) be a complex manifold with a Ka¨hler-Einstein
metric g˜ and c1(M) < 0 or c1(M) = 0. Then there exists ǫ = ǫ(g˜) so that if go is a
J-Hermitian metric onM and ‖g˜−go‖C∞ < ǫ, then the solution to (1.2) with initial
condition go exists for all time and converges exponentially to a Ka¨hler-Einstein
metric.
Corollary 6.3. In the hypothesis of Theorem 6.2, let Ωo be a symplectic form on M
taming J and such that ‖g˜− go‖C∞ < ǫ, where go is the Hermitian metric of Ω1,1o .
Then the solution Ω(t) of flow (6.3) with initial condition Ω(0) = Ωo is defined for
every t ∈ [0,∞) and converges to a symplectic form whose (1, 1)-component induces
a Ka¨hler-Einstein metric.
Proof. Let ωo = Ω
1,1
o . Then using Theorem 6.2 we have that the equation{
dω
dt
= −(ρB)1,1(ω)
ω(0) = Ω1,1o
has a unique solution ω(t) defined in [0,∞) and converging exponentially to a
Ka¨hler-Einstein structure ω∞. Since ω(t) is defined in [0,∞), the system{
dβ
dt
= −(ρB)2,0(ω)
β(0) = Ω2,0o
has a solution β(t) in [0,∞) which can be written as
β(t) =
∫ t
0
f(s) ds+Ω2,0o
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f(s) being
f(s) = −(ρB)2,0(ω(s)) .
We claim that f(s) converges exponentially to 0. This last assertion can be proved
as follows: Let g be an arbitrary J-Hermitian metric on (M,J) with fundamental
form ω. Then a standard computation yields that in local complex coordinates we
have
(ρB)2,0(ω) = − i
2
∂za(g
kl(gbl,k − gkl,b)) dza ∧ dzb ,
Therefore we have the estimates
‖(ρB)2,0(ω)‖Ck ≤ Ck
∑
i+j=k+1
‖ω‖Ci‖∂ω‖Cj
where all the Ck-norms are computed with respect to g˜. Now, since ω(t) converges
exponentially to ω∞ and ω∞ is closed, we have that ∂ω(t) converges exponentially
to 0 in the C∞-norm. On the other hand
‖ω(t)‖Ck ≤ C˜ke−λkt + ‖g∞‖Ck
for a suitable constants C˜k and λk. It follows that f(s) converges to 0 in C
∞-norm,
i.e. for every positive integer k there exists suitable constants Bk and µk such that
‖f(s)‖Ck ≤ Bk e−µkt .
Therefore β(t) converges in C∞-norm to
β∞ :=
∫ ∞
0
f(s) ds+Ω2,0o .
and (6.3) has a unique solution Ω(t) for t ∈ [0,∞) converging to
Ω∞ := ω∞ + β∞ + β∞ .
Finally, since Ω(t) is closed for every t, its limit is a symplectic form, as required.
Remark 6.4. Generically we do not expect that β(t) converges to zero. A trivial
counterexample is the following:
consider the standard complex torus T2n = Cn/R2n with the standard flat Ka¨hler
structure ω0 = −i
∑
dzr∧dzr. Then Ω0 = ω0+dz1∧dz2+dz1∧dz2 is a Hermitian-
symplectic structure and Ω(t) ≡ Ω0 solves the flow (6.3).

6.1. Flow (6.3) on Lie algebras. Let (g, µ) be a Lie algebra endowed with a
complex structure J . Let {Zr} an arbitrary (1, 0)-frame with dual frame {ζk}.
Every Hermitian inner product g on (g, µ, J) can be written as
g = grk ζ
rζk ,
for some real coefficients (grk). The inner product g induces the fundamental form
ω = −i grk ζr ∧ ζk .
Therefore an arbitrary non-degenerate 2-form Ω dominating J cane written as
Ω = −i grk ζr ∧ ζk + βij ζi ∧ ζj + βij ζi ∧ ζj
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Using equations (3.6), we get that the problem (6.3) is equivalent to the following
system
(6.6)


d
dt
gij = −µaijµrar + µaijgrkµlrkgal + µbijµrbr − µbijgkrµlkrglb
d
dt
βij = −iµaijµrar + iµaijgrkµlrkgal + iµbijµrbr − iµbijgkrµlkrglb
gij(0) = hij
βij(0) = hij
where
Ω0 = −ihijζi ∧ ζj + hrsζr ∧ ζs + hlmζl ∧ ζm
is the starting symplectic form taming J and
Ω = −igijζi ∧ ζj + βrsζr ∧ ζs + βlmζl ∧ ζm
is the solution to (6.3).
In real dimension four, the equations (6.6) can be simplified by writing every
J-Hermitian inner product on g in matrix notation as
(gij) =
(
x z
z y
)
where x, y are positive real numbers and z ∈ C satisfying
xy − |z|2 > 0 .
In this way the inverse of g is(
gji
)
=
1
xy − |z|2
(
y −z
−z x
)
.
Example 6.5. Consider the solvable Lie algebra g with structure equations
(24,−14, 0, 0)
endowed with the complex structure
J(e1) = e2 , J(e3) = e4 .
Let {Z1, Z2} be the (1, 0)-frame
Z1 =
1
2
(e1 − ie2) , Z2 = 1
2
(e3 − ie4) ;
then
[Z1, Z1] = [Z2, Z2] = 0 , [Z1, Z2] = −
1
2
Z1 , [Z1, Z2] = −
1
2
Z1 , [Z1, Z2] =
1
2
Z1 .
Consider the (1, 0)-coframe
ζ1 = e1 + ie2 , ζ2 = e3 + ie4
dual to {Z1, Z2}. Then
dζ1 = −i ζ1 ∧ e4 , dζ2 = 0 .
There follows
dζ1 = −1
2
ζ12 +
1
2
ζ12 ,
i.e.
∂ζ1 = −1
2
ζ12 , ∂ζ1 =
1
2
ζ12 .
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The generic 2-form taming the complex structure J is
Ω˜ = −ix2 ζ11 − iy2 ζ22 − iz ζ12 − iz ζ21 + w ζ12 + w ζ12
where x, y ∈ R and z , w ∈ C satisfy
x2y2 − |z|2 > 0 ,
Moreover, the closure of Ω˜ implies iz = w, i.e.
Ω˜ = −ix2 ζ11 − iy2 ζ22 − iz ζ12 − iz ζ21 + iz ζ12 − iz ζ12
The Bismut Ricci form with respect to ω˜ := Ω˜1,1 is then given by
ρB(ω˜) = i
zx2
4(x2y2 − |z|2) ζ
12−i zx
2
4(x2y2 − |z|2) ζ
12−i zx
2
4(x2y2 − |z|2) ζ
12+i
zx2
4(x2y2 − |z|2) ζ
12
The HS flow reduces to {
x˙ = y˙ = 0,
z˙ = − zx24(x2y2−|z|2) ,
with initial conditions x(0) = xo, y(0) = yo, z(0) = zo. In particular x and y have
to be constant and our system reduces to
z˙ = − zx
2
o
4(x2oy
2
o − |z|2)
, z(0) := zo .
This last equation is radial in the sense that its solutions z = ρ eiθ have θ constant
and our problem reduces to
(6.7) ρ˙ = − ρx
2
o
4(x2oy
2
o − ρ2)
, ρ(0) = ρo
in terms of an unknown real function ρ. If ρo is vanishing, then (6.7) has solution
ρ ≡ 0; otherwise its solution ρ is defined and strictly positive in [0,∞) and satisfies
ρ2
2x2o
− y2o log(ρ)−
ρo
x2o
+
y2o
ρ2o
=
t
4
.
This last relation ensures that ρ tends to zero when t tends to infinity. Therefore
we have {
z∞ = 0
w∞ = 0 ,
and thus
Ω∞ = −ix2o ζ11 − iy2o ζ22.
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